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Numerical solutions of the recently proposed equations of motion for the classically radiating 
electron are obtained for the case where the particle moves in a one-dimensional Coulomb potential 
(both attractive and repulsive). The solutions are discussed and found to be meaningful also in that 
case, where the well-known Lorentz-Dirac equation fails (attractive Coulomb force). Discrete, 
stationary states are found in a non-singular version of the Coulomb potential. During the transition 
between those stationary states the particle looses energy by emission of radiation, which results in 
a smaller amplitude of the stationary oscillations.

I. Introduction and Survey of Results

The widespread dissatisfaction1-10 with the Lo- 
rentz-Dirac-Rohrlich theory n >12 of the classically 
radiating electron has motivated us to propose the 
following equations of motion 13-15 in place of the 
Lorentz-Dirac equation:

mexp c2 {üx — (u ii) = K*, (A)

mmeCh c2 iix + mei c2{ux-  (u ü) ux} = KA , (B)

77imech c2 Ux + mel c2 j-^27 ~~ i^Y Zs) = KX ' ^  

where obvious abbreviations have been used (ux ux
= + D

ux : = d u \s- As)/ds , (1,1)

AuX :=  UX(S) -  UX(S_ 2As) • ( 2)
The constant non-locality parameter (As) is con­
nected with the electromagnetic mass (mei) by

me\ c2 As = § Z2 . (1,3)

The most striking advantages of these new equa­
tions with respect to the well-known Lorentz-Dirac 
equation 11

mexp c2 ÜX = KX + f Z2 {üx + (ü ii)ux} (I, 4)

have been fully presented in the quoted papers, and 
a more general framework for extended radiating 
particles has also been found in the meantime16 
such that Eqs. (A), (B), (C) appear as being due 
to differently structured particles characterized by 
certain "structure functions".

Reprint requests to Dr. M. Sorg, Institut für Theoretische
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gart 80.

Since the improvements elaborated so far are 
based on rather general considerations (for in­
stance: strict validity of causality, non-existence of 
runaway solutions), we want now to apply the new 
equations to some concrete, physically relevant prob­
lems. In the present paper, we study the solutions 
of Eqs. (A), (B), (C) for the motion in a Coulomb 
potential (3>w = Z*/r), both attractive and repul­
sive; and we shall restrict ourselves to one-dimen­
sional (rectilinear) motion. Two-dimensional prob­
lems are treated in a forthcoming paper.

The main results of the present paper are the fol­
lowing:

(i) Whereas the Lorentz-Dirac equation (I, 4) is 
believed to admit no physically meaningful solution 
at all for the attractive case 17, we find meaningful 
and well-behaved solutions for Equations (B), (C).

(ii) In the repulsive case, the solutions of (A) 
and (B) become unreasonable for high impact ve­
locities in the sense that the final velocity is pre­
dicted to be greater in absolute value than the im­
pact velocity. Whereas this deficiency can by re­
moved for Eq. (A) by a slight modification of the 
force expression Kx, it remains unavoidable for 
Equation (B). However, the unwanted effect emerges 
not until one passes to ultra-relativistic impact ve­
locities; for non-relativistic and weakly relativistie 
velocities there arises no trouble with Equation (B). 
On the other hand, Eq. (C) predicts absolutely 
meaningful particle trajectories at every velocity 
scale.

(iii) We have altered the singular Coulomb po­
tential (&(r) = Z*/r) into a non-singular version 
[<P(r) = Z* (r02 + r2) _1/2] and have observed two 
kinds of solutions for Eqs. (B), (C) : If the poten­
tial well is sufficiently flat (r0 > As), the particle
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performs damped oscillations and comes finally to 
rest on the ground of the potential well (r = 0), 
when all its initial energy is radiated away. How­
ever, if the width (r0) of the potential well is 
roughly equal or less than the non-locality parame­
ter (As) entering the equation of motion, then the 
particle looses first energy (damped oscillations as 
before), but finally the motion becomes periodic 
and radiationless. This very interesting effect re­
sembles in some sense the quantum theoretical, 
stationary states in the potential well, albeit on a 
different length scale.

II. Unified Form of the Non-local Equations

In order to compare the various solutions of Eqs. 
(A), (B), (C), we have to put them into a common 
unified form and must then specify the parameters 
left undetermined up to now.

As the fit parameters to be adapted to the special 
particle data we choose the mass ratio Q

o: = mei/mmech (II, 1)

and the non-locality parameters As (resp. Ao; see 
below). Introducing the characteristic extension pa­
rameter zlsexp as

Asp f Z2 (11,2)

we can henceforth use the dimensionless proper 
time o:=s/zfsexp and obtain then from (1,3) and 
(II, 2) for the magnitude of the non-locality ex­
pressed in the new variable o

Ao : =As/Asexp = mexp/mei = l + Q '1. (II, 3)

Furthermore, the force Kx can be put in normalized 
form (()■*) by dividing it through the "surface" 
field strength E* = § Z2/As2exp , which yields Qx = 
Kx/E*. Finally, the usual ansatz for one-dimensional 
motion {uX(a)} = {Cosh W(a) ; 0, 0, Sinh con­
verts the Eqs. (A), (B), (C) into their one-dimen- 
sional analogues (a), (b), (c)

w\o-Ao) CoshzJjW =Q(a-Ao) , (a)

">'(„) +Q w \a_Aa) Cosh Atw = (1 +q)Q(0) , (b)

1 o2
w\„) + — y T T  = (1 +Q)Q(o) > (c)

(w\o) : = dw(a)/do ;
Axw : = w{a)- w {o. Ao) ; A2w = w(o) -  w(o_2Ao)) •

Q(a) is the normalized force acting along the direc­
tion of motion (here: x3-axis).

These differential-difference equations for the 
auxiliary velocity u>(0) must be supplied by the
proper time derivatives of the particle world line
** =
d Z3
ds

dz° 
ds

= Sinh W(S) =

= Cosh W(S) =

d(z3/Asexp) _ _ d^ 
d(5/zlsexp) do

d(z°/zlSexp) d T

= Sinh w(o)

d(s/zlsexp) ' do

(11.4)

= Cosh iü(ö) .

(11.5)

Together with the corresponding initial conditions, 
this set of equations determines the particle tra­
jectory C = C(T) •

In order to facilitate subsequent discussions, let 
us finally repeat here the expressions for the in­
variant radiation rate which follow easily from 
the three equations of motion, if they are understood 
to be of the form (introduce r : =s/c)

dr dr dr

[P&ech =  0 for case (A), where mexp = mel] 
and if is defined by

= u/i dPrad/ds . (11,7)

Thus, one finds for (A) and (B)
= — mei c (iiu) => mei c W(s_ Sinh AtW(S)

(11,8)
and for (C)

cjj me] c , , , \C
2 A s [u ' Au)z> J Ä 7

■ {Cosh A2w(s)- 1 ) ^ 0 .  (11,9)

Observe that is positive-semidefinit in contrast 
to dii.

III. Attractive Coulomb Force

Let us substitute now the Coulomb force
3 Z* t
2 Z IM» (111,1)

into Eqs. (a), (b), (c) of the foregoing section, 
Since Eq. (a) is of causality violating character and 
hence must be integrated backwards in time (as was 
done in Ref.18), we have omitted case (a) for a 
discussion of the motion in the attractive potential, 
because one does not know the final state of motion, 
which would work as the starting condition for the
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backward integration. Quite similar difficulties are 
present in the Lorentz-Dirac theory, where it is 
claimed that a physically reasonable solution does 
not exist at a ll17.

However, both Eqs. (b), (c) together with (111,1) 
have unique and well-behaved solutions, as long as 
the singular point (C = 0) is excluded from the con­
siderations. For the solution, which are plotted in 
Fig. 1, we have prescribed the initial condition that 
the particle be held fixed (w =  0) for 7 < 0  and 
then be released at T = o = 0 in the starting position 
Ccr = 0) = : Co = — 5 (mass ratio o = 0.9; charge ratio 
Z * /Z = -  1).

Fig. 1

As seen from Fig. 1, the result is somewhat un­
expected: Despite the existence of the radiation 
recoil, the radiating particle due to (b) or (c) is 
running towards the attractive center more rapidly 
than a non-radiating particle described by the non- 
radiative equation of motion

mexp c2 ux = Kx => w \o) = Qm . (n - r )

In order to detect the reason for this behaviour, it is 
only necessary to look at the local approximations 
for (b) and (c) [expand w \a_Äa) äj w \a) -  Ao w '\o) 
in Eq. (b) and

Sinh A2w Äi A2w ä; 2 Ao w \a) — \  (2 Ao)2 w \ a) 
in Eq. (c)] :

w \o) -  w \ o) = Qia). (111,2)

As stated repeatedly in the previous papers, the one- 
dimensional (normalized) Lorentz-Dirac equation 
(III, 2) cannot be considered as the consistent local

approximation for the original Eqs. (b), (c), be­
cause it brings in unphysical traits, which are not 
contained in the original equations (runaways, cau­
sality violation). Hence, we have to perform a fur­
ther approximation 14 in (111,2) to obtain

"'(.) =Qm +Q \o). (111,3)
But with the attractive Coulomb force (III, 1) one 
has (observe C <0; 0)

Q'm = - Sinh wM -= 3 ^  ^  Sinh wM ^  0 .
(111,4)

Thus, the additional force Q \a) leads to a stronger 
acceleration towards the attractive center.

This result is opposite to that predicted by the 
corresponding approximation for Eq. (a)

w \o )~ Q (o )-$ > ^o )2Q \a), (III, 5)

which is easily obtained by expanding the Cosh- 
function. Here the acceleration towards the center 
would be smaller than in the non-radiative case 
(n-r). We can check this result in the next section, 
where explicit numerical solutions of all three Eqs. 
(a), (b), (c) are obtained for the repulsive po­
tential.

Finally, let us point out that one does not have 
to struggle here against those numerical difficulties 
in the Lorentz-Dirac theory, where even small nu­
merical errors cause a transition from the single 
physical solution to the continuous set of runaway 
solutions 17' 8.

IV. Repulsive Coulomb Force

For the repulsive force, we have only to change 
the charge ratio Z*/Z = — 1 into Z*/Z = + 1 and 
leave all other formulae unaltered. Releasing the 
particle from rest in some distance from the force 
center (as in the foregoing section) would be no 
interesting initial condition; the particle would be 
simply driven away from the center. Therefore, we 
have shot it with various initial velocities

(wM =  win = const, for o < 0 ; C ^  C0)

in some distance Co towards the force center. Fig­
ure 2 shows a comparison between the three Eqs. 
(a), (b), (c) and the non-radiative solution from 
(n-r). The parameters chosen for this figure are 
o = 0.5; win ^  0.8 ( =>vin/c = Tanh wm ^  0.66); Co 
= -1 0 .
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Fig. 2

From Fig. 2 one recognizes two conspicuous ef­
fects :

(1) Though the impact velocity w-m was chosen 
to be the same for all four Eqs. (a), (b), (c), 
(n-r), the solution of (a) comes closest to the 
force center, then follows that of (n-r). The solu­
tions of (b) and (c), being hardly separated in this 
diagram, predict the most remote turning point from 
the repulsive center.

(2) Whereas the solutions of (b) and (c) predict 
a smaller absolute value of the final velocity uout 
(observe v/c = dt/dT) than in the non-radiative case 
(n-r), for which v-m= — vout must be valid, Eq. (a) 
delivers a final velocity which equals roughly that of 
the non-radiative case. For impact velocities lower 
than that chosen for Fig. 2 the final velocity pre­
dicted by Eq. (a) is always smaller in amount than

that of the non-radiative case (n-r), as one would 
expect on account of the energy loss by radiation; 
whereas for higher impact velocities [see Fig. 3, 
where v-m/c «  0.90 but \vout\/c «  0.96 for Eq. (a)] 
the particle described by (a) would retreat from the 
force center even more rapidly than it was originally 
shot in: | vout ! >  | vin j!

Let us clarify these two observations now. As for 
point (1), we have only to compare Eq. (111,3) as 
approximation for both Eq. (b) and (c) with the 
approximation (111,5) for Equation (a). In the 
present repulsive case, one has Q(0) <  0 for £ <  0 
and further

—;--- =  ■ A r Sinh W(a) >  0 for wdo d; ^  |w(o)< 0 .
(IV, 1)

Hence, the retarding action of the repulsive center 
is reinforced by the radiation reaction term Q \a) of 
Eq. (Ill, 3), if the particle approaches the force cen­
ter; whereas the acceleration is weakened, if the 
particle is retreating from the center. This explains 
(at least for these low accelerations) why the ra­
diating particle due to (b) and (c) keeps its distance 
from the center more remote as in the (n-r) case. 
However, it follows from the approximation (III, 5) 
for Eq. (a) that the radiation reaction force propor­
tional to Q \o) is always weakening the acceleration 
w \a) with respect to the (n-r) case, and thus the 
particle can come closer to the repulsive center at 
the end of the approach period.

In view of these considerations, the present nu­
merical results confirm also the earlier statements 13 
that the Lorentz-Dirac equation (111,2) is not the 
correct approximation for Eq. (a), though it can be 
"deduced" from it by means of expansions like 
(observe here Ao = 1)

Q(,o) ~Q(o-Ao) = w\o-Ao) Cosh Aw ^ w \ a_Aa)
' — w\o) -  ™"(o) • (IV, 2)

Next, we turn to the second point (2). We shall 
readily show that the rather unpleasant prediction 
! üout' >  üin' is not really a lack of the radiation 
reaction expression on the left-hand side of Eqs. 
(A), (a), but it stems from the ansatz for the ex­
ternal force 13

V-(s) -1/2
K(s - As) '

V(s)
C

(IV, 3)
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which we had originally preferred to the strictly S  
local expression

,-1/2
» « M l - K V(S)

; Kw '
(IV, 4)

in order to avoid pre-acceleration effects. But in 
view of the causality violating character of Eq. (A), 
it does not make things worse, if we reintroduce 
(IV, 4) and obtain instead of (a)

w\„ - Ao) Cosh Atw = Q(a) . (a*)

It is easy to show that Eq. (a*) predicts I vout | <  | v-m | 
in the repulsive case: The energy balance of Eq. (A) 
with the force expression (IV, 4) instead of (IV, 3) Fig. 4 
reads for one-dimensional motion

da0(a-Aa)
do do U°M = Q(o) Sinh W(0) .

(IV, 5)

Integration between initial (in) and final (out) states 
yields (observe that = —d<P^)/d£ is a potential 
force)

out
0 0 [  (  ^(a^Aa)\ " o u t-» in -  / [»(a)-------------I

Quite similar manipulations lead to the analogous 
"conservation laws" for Eq. (b)

Q out
»°out-»°in = -  , ' fw'(o-Ao) Sinh A)W(a) dT 

-t + Q in
(IV, 8b)

and for Eq. (c)

d r 0___ = -" out »in — 2 ( l+ £ ) 2

7  d fw /d<p(0
(a)

(IV, 6) /(Cosh A2wm -  1) d r  ^  0 . (IV, 8c)

From here we recognize readily that only Eq. 
where the right-hand side vanishes for the asymp- (Iy  gc) leadg strictly to (IV? 9) . whereas Eq.
totic states ( # 0ut=^in)

Ol
„0 „0. _  Iu out u in — I

dli
»(a) (a-Aa)

do d r ,  (IV, 7)

(IV, 8b) violates (IV, 9) for sufficiently high im­
pact velocities (see Fig. 5, where v j c  ^  0.95; 
K u t] /c « 0 .9 8 ) .

or specialized for one-dimensional motion
out

»°out -  «°in = -  /  Qia) Tanh Axw{a) d r  .
(IV, 8 a*)

Since in the repulsive case (£*(<,)< 0) the velocity is 
always decreasing (z1m;<0) for C<0, we have

»°out <  »°in => | Vout |< |» in |. (IV, 9)

This satisfactory result refers to Equation (a*). In­
deed, even for very high impact velocities the results 
of Eq. (a*) never violate (IV, 9) [see Fig. 4, where 
fjn/c ~  0.9935 and uout |/c «  0.8000 for Equation 
(a*)]. Fig. 5
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So we see that the Equation of motion (C) is a 
very agreeable one with respect to the validity of 
(IV, 9), because the invariant radiation rate (11,9) 
is always positive or zero.

Finally, let us point out an effect, which is clearly 
visible in Figs. 4 and 5: The particle is first rejected 
by the repulsive center and then approaching once 
more, until it is thrown outwards definitively. As a 
consequence, the particle remains in the neighbour­
hood of the force center for a relatively long time. 
In some sense, this behaviour resembles a sort of 
intermediate "compound state". This effect arises 
however only for sufficiently high impact velocities.

V. Modified Coulomb Potential

As indicated earlier15, the equations of motion 
(A), (B), (C) admit stationary radiationless mo­
tions characterized by 9?i = 9tn = 0. In order to 
study such motions, we first have to remove the 
Coulomb singularity from the one-dimensional tra­
jectory of the particle (this would not be necessary 
for two-dimensional motion), because the motion 
should not pass through a singular point.

Hence, we substitute the non-singular force

(V ,l)

for Q(„) into Eqs. (b), (c) [case (a) is omitted here 
for the same reasons as in Section III]. The same 
initial conditions as in Sect. Ill are used also here.

First, we have studied a relatively flat potential 
well for both Eqs. (b), (c) in Fig. 6 (Ci2 = 12; 
£> = 0.7 | =>Ci ~  1.4 Jo ). The particle was released 
from rest at C0 = — 7 ( « — 2 Ci|). It happens ex­

actly what one would except in this case: The par­
ticle performs damped oscillations in the potential 
well until it comes to rest on the ground of the well, 
when all its initial energy is radiated away.

But now choosing a narrow well (for Fig. 7: 
C0 = —3.4; Ci = l ;  £ = 0 . 1 = one rec"
ognize in Fig. 7, that the particle motion is stabi­
lized at constant amplitude after the latter has de­
creased for a few initial oscillations. The stationary 
oscillation recovered in Fig. 7 is however not the 
only one in this potential well. We have rised the 
initial separation Co from Co = — 3.4 of Fig. 7 to 
Co= —3.8 for Fig. 8 (all other parameters un­
changed) and then a stationary state is found with 
larger amplitude. The ratio of the two stationary 
amplitudes of Fig. 7 and Fig. 8 is roughly 1:1.75. 
Next we have chosen Co to be situated between the 
corresponding values for Fig. 7 and Fig. 8, namely 
C0 = 3.6, and we see from the resulting Fig. 9 that 
the particle is now oscillating for a longer time in
the higher state of Fig. 8 until it falls down to the 
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Fig. 9

Fig. 10

lower state of Figure 7. It seems that one can hold 
the particle arbitrarily long on the upper state by 
choosing appropriate initial conditions.

The stationary states discussed so far refer to 
Eq. (c), and we want to study now the analogous 
effects for Equation (b). Figure 10 shows the results 
for the parameter choice C0 = — 4; C12 = 2; £> = 0.1. 
As a striking feature in this figure, one recognizes 
a certain irregularity in comparison with the cor­
responding Figs. 7 — 9 for Equation (c). This ir­
regularity might be due to the fact that the radiation 
rate 9tn of formula (II, 8) is not positive-definit. 
Therefore, a stationary state must not necessarily 
be described by the non-radiative Eq. (n-r) with 

=  0? but it can have 9tn ^  0 such that only the 
average of the radiated energy over several oscilla­
tions becomes zero. It is then possible that the ra­
diated energy emitted during one half-period is 
reabsorbed during the following half-oscillation, and 
thus the amplitude of the oscillations exhibits itself 
oscillatory character.

An even more peculiar consequence is that the 
irregular oscillations are not "centered" around the 
potential minimum (£ = 0) but seem to be shifted 
upwards in the diagram. In view of the limited com­
puter time, we have not succeeded in finding the 
initial conditions, which would lead to regular oscil­
lations (9tn =  0) as they occur in the non-radiative 
case (n-r) and in Eq. (c), though the above con­
siderations show that such oscillations must be pos­
sible also for Equation (b).
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